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Exercise. Let [a, b] be a (bounded) interval of R and let m be Lebesgue measure. Let M be a
positive real number and let f1, f2, . . . be a sequence of measurable functions on [a, b] for which∫ b

a |fn|dm ≤ M for every n. Assume that fn(x) → f(x) as n → ∞ for m-almost every x.

(a) State Fatou’s lemma.

Solution.
Fatou’s Lemma: If {fn} is any sequence in L+, then∫

(lim inf fn) ≤ lim inf
∫

fn

(b) Show that
∫ b

a |f |dm ≤ M .

Solution.
Since f1, f2, . . . measurable, so are |f1|, |f2|, . . .

=⇒ {|fn|} ∈ L+

∫ b

a
|fn|dm ≤ M for all n

=⇒ lim sup
∫ b

a
|fn|dm ≤ M

And lim inf |fn| = lim |fn| = |f |

=⇒
∫ b

a
|f |dm =

∫ b

a
lim inf |fn|dm

≤ lim inf
∫ b

a
|fn|dm, by Fatou’s Lemma

≤ M
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(c) Suppose that ||fn − fk||1 → 0. Prove for every ϵ > 0 there exists δ > 0 such that if A ⊂ [a, b]
is m-measurable and m(A) ≤ δ, then

∫
A |fn|dm ≤ ϵ for all n.

Solution.
Let ϵ > 0. By part (b), f ∈ L1.

=⇒ ∃δ0 s.t. if m(A) < δ0 for measurable subset A ⊂ [a, b]∫
A

|f |dm ≤ ϵ
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Since||fn − f ||1 → 0 as n → ∞, ∃N ∈ N s.t. ∀n ≥ N ,∫
|fn(x) − f(x)|dm ≤ ϵ
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Since fn ∈ L1, ∃δm > 0 s.t. if m(A) < δm for measurable subset A ⊂ [a, b]∫
A

|fn|dm ≤ ϵ

Let δ = min{d0, . . . , dN} ≥ 0. We have that for all measurable subsets A ⊂ [a, b] with
m(A) < δ ∫

A
|fn|dm ≤

∫
A

|fn − f |dm +
∫

A
|f |dm ≤ ϵ
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